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both by forces i n  the plane of the tilt angle and forces perpendicular t o  the plane 
of the tilt angle. 
The data  were compared with theore t i ca l  r e s u l t s  f o r  frequency i n  tilted 
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LIQUID OSCILLATION FREQUENCIES I N  TILTED CYLINDERS 
FOR FIVE CROSS- SECTION SHAPES 
SUMMARY 
The f requency  o f  l i q u i d  o s c i l l a t i o n s  was measured i n  c y l i n d r i c a l  
t a n k s  w i t h  c r o s s - s e c t i o n  shapes  formed by a c i r c u l a r  a r c  and a straight 
l i n e .  The shapes  were r e l a t e d  t o  some f e a s i b l e  and proposed Space 
S h u t t l e  t ank  c r o s s  s e c t i o n s  and ranged from c i r c u l a r  t o  approxirnatzly 
s e m i - c i r c u l a r .  The f r e q u e n c i e s  were measured w i t h  t h e  tank axes  tilted 
0' t o  60' from t h e  l o c a l  v e r t i c a l .  O s c i l l a t i o n s  were exciee~cl by I3oirl1 
f o r c e s  i n  t h e  p l a n e  o f  t h e  t i l t  a n g l e  and f o r c e s  p e r p e n d i c u l a r  t o  t h e  
p l a n e  o f  t h e  t i l t  a n g l e .  
The d a t a  were compared w i t h  t h e o r e t i c a l  r e s u l t s  f o r  f requency i n  
t i l t e d  c i r c u l a r  c y l i n d r i c a l  t a n k s  and t h e o r e t i c a l  r e s u l t s  f o r  one 
u p r i g h t  c y l i n d r i c a l  t ank  w i t h  n o n - c i r c u l a r  c r o s s  s e c t i o n .  
I. INTRODUCTION 
Knowledge o f  t h e  n a t u r a l  o s c i l l a t i o n  f r e q u e n c i e s  o f  l i q u i d  p r o p e l -  
l a n t  and t h e  f o r c e s  e x e r t e d  by t h e  l i q u i d  o n  i t s  t ank  w a l l  i s  r e q u i r e d  
f o r  s u c c e s s f u l  d e s i g n  o f  c o n t r o l  sys tems f o r  l i q u i d - f u e l e d  r o c k e t  
v e h i c l e s ,  s i n c e  a t  l aunch  80 p e r c e n t  o r  more o f  t h e  t o t a l  v e h i c l e  mass 
i s  l i q u i d .  The p r o p e l l a n t  dynamics a t  h igh  Bond number f o r  l i q u i d  i n  
axisymmetr ic  t a n k s  h a s  been s t u d i e d  a t  l e n g t h  and i s  w e l l  understood. 
I n t e r e s t  i n  p r o p e l l a n t  dynamics i n  t a n k s  o f  v a r i o u s  c r o s s - s e c t i o n  
shapes  w i t h  t h e i r  axes  i n c l i n e d  from t h e  t o t a l  a c c e l e r a t i o n  v e c t o r  has 
been g e n e r a t e d  by s t u d i e s  o f  t h e  Space S h u t t l e  o r b i t e r  and b o o s t e r ,  
Candidate  r e u s a b l e  Space S h u t t l e  c o n f i g u r a t i o n s  a r e  two-s tage a i r c r a f t -  
type  v e h i c l e s .  The asymmetry o f  t h e  l aunch  v e h i c l e  c a u s e s  an ang le  o f  
0' t o  10' between t h e  t h r u s t  v e c t o r  and t h e  t ank  axes  d u r i n g  Launclz, 
and d u r i n g  t h e  f l y b a c k  phase  o f  f l i g h t ,  l a r g e r  t ank  t i l t  a n g l e s  w i l l  
e x i s t .  Most o f  t h e  p r o p e l l a n t  t a n k s  a r e  c y l i n d r i c a l  o r  c o n i c a l  a n 3  
have c i r c u l a r  c r o s s  s e c t i o n s .  A  c r o s s  s e c t i o n  formed by two e q u a l - s i z c  
c i r c u l a r  a r c s  having a  common chord ( r e f e r r e d  t o  a s  double  l o b e )  has 
been proposed i n  some o r b i t e r  c o n f i g u r a t i o n s .  
References  1 th rough  4 p r e s e n t  a n a l y s e s  o f  l i q u i d  o s c i l l a t i o n  i n  
t i l t e d  c i r c u l a r  c y l i n d e r s .  Refe rences  1 through 3 g i v e  f r e q ~ e n c y  
r e s u l t s ,  and r e f e r e n c e  4 g i v e s  f o r c e ,  moment, and damping r e s u l t s  i n  
a d d i t . & -  zo f requency.  Reference 5  i n c l u d e s  a t h e o r e t i c a l  a n a l y s i s  o f  
zrequena: i e s  and mode shapes  i n  an  u p r i g h t  double lobe  t ank .  The pur -  
w e e  of  rhe p r e s e n t  s t u d y  i s  t o  de te rmine  e x p e r i m e n t a l l y  t h e  f requency  
s f  - i q u ~ d  o s c i l l a t i o n s  i n  t a n k s  t i l t e d  O 0  t o  60' from t h e  v e r t i c a l  and 
m v l n g  a s e r i e s  o f  c r o s s - s e c t i o n  shapes  f ~ r m e d  from a  c i r c l e  and a  
r Each of  t h e s e  shapes  r e p r e s e n t s  a  symmetric h a l f  o f  t h e  double  
~ o b e  shape,  The e x p e r i m e n t a l  r e s u l t s  o f  t h i s  s t u d y  a r e  compared w i t h  
hzsry from r e f e r e n c e s  1, 2,  4  and 5. 
11. APPARATUS AND PROCEDURE 
The b a s i c  r e s t  s t r u c t u r e  is  shown i n  f i g u r e  1. The base  o f  t h e  
3 t r u c t v r e  i s  aluminum, and t h e  c y l i n d e r  i s  p l e x i g l a s s .  The i n s i d e  
r a d i d s  oE the  c y l i n d e r  i s  10.17 cm, and t h e  h e i g h t  i s  38 .1  cm. The 
t . e s 3 l i q u i . d  was d i s t i l l e d  w a t e r  and a e r o s o l  MA ( a  w e t t i n g  a g e n t )  i n  
.2 p e r c e n t  c o n c e n t r a t i o n .  N o n c i r c u l a r  c r o s s  s e c t i o n s  were formed 
' y clamping one o f  f o u r  aluminum p l a t e s  i n s i d e  t h e  c y l i n d e r  p a r a l l e l  t o  
the axis, The d e s i g n a t i o n  o f  t h e  c r o s s - s e c t i o n  shapes  by t h e  dimension- 
A o s s  r a z s o ,  d / ~ ,  and by shape number i s  shown i n  f i g u r e  2.  Equipment 
-ot ahown c o n s i s t e d  o f  a  s topwatch,  a  c-clamp, and t r i a n g e s  w i t h  5') 8O, 
YO", 30", 45', and 60' a n g l e s .  
On t h e  f i r s t  few r u n s ,  a  p l a t e  (Shape 4)  was p o s i t i o n e d  a s  i n  
o r i e n t a t i o n  2 o f  f i g u r e  2 a t  C/ = l o 0 .  Th is  was abandoned f o r  o r i e n t a -  
tiorr I ~h. roughout  t h e  r e s t  o f  t h e  t e s t .  The c y l i n d e r  was f i l l e d  to  
one o f  t h e  c e r t a i n  d e p t h s  t o  be t e s t e d .  The f requency  was measured f o r  
each dep th  with t h e  t ank  t i l t e d  0° ,  l o 0 ,  45O, and 60". For t h e  c i r c u l a r  
sJ?ape, 5 "  and 8' t i l t s  were a l s o  used .  The tilt a n g l e s  were s e t  by 
?lacing t h e  a p p r o p r i a t e  t r i a n g l e  between t h e  c y l i n d e r  b a s e  and t h e  
h s r i z o n t a l  base o f  i h e  s u p p o r t  s t r u c t u r e ,  t h e n  t i g h t e n i n g  t h e  screws t o  
L~ck the Irame. 
The test f l u i d  w a s  s e t  i n t o  mot ion i n  e i t h e r  t h e  l a t e r a l  o r  l o n g i -  
: , d i n a l  d i r e c t i o n  ( d e f i n e d  i n  f i g u r e  2)  by r a i s i n g  and r o c k i n g  one end 
2: t n e  b a s e  i n  t h e  p r e f e r r e d  d i r e c t i o n .  The f l u i d  was a g i t a t e d  s lowly  
L l ~ t i ~  t  reached t h e  f i r s t  mode o f  o s c i l l a t i o n  and c r e s t e d  approx imate ly  
., ie-hall i n c h  above t h e  normal s u r f a c e  p l a n e .  A t  t h i s  t ime,  t w e n t y - f i v e  
cjcLes o: o s c i l l a t i o n  were timed by t h e  s topwatch w h i l e  t h e  o s c i l l a t i o n  
d,.;cayed, 
111. DISCUSSION 
The e x c i t a t i o n  d i r e c t i o n s  f o r  t h e  l o n g i t u d i n a l  and l a t e r a l  modes 
o r  l iquic t  o s c i l l a t i o n  a r e  shown i n  f i g u r e  2. The l o n g i t u d i n a l  o s c i l -  
1 = t i o n  LL e x c i t e d  by a  f o r c e  i n  t h e  p l a n e  o f  t h e  t i l t  a n g l e  and t h e  
l a t e r a l  by a  fo rce  perpendicular  t o  the  plane of  the  t i l t  angle ,  Tn 
each case ,  t he  purpose was t o  e x c i t e  the  f i r s t  antisymmetric s lo sn  
mode. 
The double lobe tank arrangement i n  t h e  S h u t t l e  o r b i t e r  i s  such 
t h a t  t he  angle Q i n  o r i e n t a t i o n  1 of  f i g u r e  2 r e p r e s e n t s  a tilt o f  
t he  tank i n  the  p i t c h  p lane ,  and 01 i n  o r i e n t a t i o n  2 i s  t i l t  i n  t he  
yaw plane.  The ma jo r i t y  o f  d a t a  were taken f o r  o r i e n t a t i o n  1, 
A. Longitudinal  O s c i l l a t i o n s  
The d a t a  f o r  t h e  long i tud ina l  o s c i l l a t i o n s ,  o r i e n t a t i o n  1, a r c  
presented i n  f i g u r e s  3a - 3e. The frequency parameter i s  shown as  a 
func t ion  of  l i q u i d  depth and t ilt  angle f o r  the  f i v e  c ros s - sec t ion  
shapes. The d a t a  f o r  the  c i r c u l a r  c r o s s  s e c t i o n  ( f i g u r e  3a)  were 
taken from re fe rence  3 except  f o r  t he  four  va lues  a t  h/R > 3 .  The 
frequency a t  h / ~  = 3.25, a = 0°, which was used a s  a  check p o i n t ,  was 
found t o  be very  near the  t h e o r e t i c a l  va lue  and t o  agree well. w i th  
the  experimental  d a t a  of  r e f e rence  3. There was only a  s l igh t redk . .c -  
t i o n  o f  frequency f o r  t i l t  angles  of  10' o r  l e s s  ( t he  range of  tilt 
l i k e l y  t o  e x i s t  dur ing  S h u t t l e  boost  f l i g h t ) .  
The frequencies  f o r  Shape 1, d/R = .678, a r e  shown i n  f i g c r e  31., 
These f requencies  a r e  s l i g h t l y  lower than those f o r  the  c i r c u l a r  c ros s  
s e c t i o n ,  bu t  the curves a r e  o therwise  very  s i m i l a r ,  approaching a 
cons tan t  va lue  a s  depth inc reases .  Shape 1 i s  c l o s e s t  of the shapes 
t e s t e d  t o  double lobe shapes on  proposed o r b i t e r  con f igu ra t ions ,  
Khabbaz, i n  r e f e rence  5 ,  determined t h e o r e t i c a l  f requencies  f o r  sever -  
a l  modes o f  l i q u i d  o s c i l l a t i o n  i n  a  double lobe tank wi th  d / ~  = -71, 
A t h e o r e t i c a l  p o i n t  from h i s  work i s  shown as  t he  s o l i d  symbol i n  
f i g u r e  3b for  0 = 0'. 
The frequency curves f o r  Shapes 2 ,  3 ,  and 4 ,  shown i n  f i g u r e s  3 c ,  
d ,  and e ,  r e s p e c t i v e l y ,  v a r i e d  wi th  Liquid depth and tank t i l t  s i m i l a r l y  
t o  those  f o r  the  c i r c u l a r  c ros s  s e c t i o n  except  t h a t  a t  some angles  the  
frequency showed a s l i g h t  decrease wi th  inc reas ing  depth. 
Figure 4 shows the  long i tud ina l  frequency versus  t i l t  angle for 
a l l  tank shapes t e s t e d .  The d a t a  a r e  f o r  h/R 2 1.75 so t h a t  t he  
f requencies  a r e  nea r ly  independent of  i nc reases  i n  depth. The msgci- 
tude of frequency change wi th  tank shape i s  seen t o  be g r e a t e r  a t  
0" than a t  60". 
The frequency parameter i s  p l o t t e d  aga ins t  a  c ros s - sec t ion  shape 
parameter,  d / ~  i n  f i g u r e  5. d / ~  = 0 corresponds t o  a semi-c i rcu lar  
c ros s  s e c t i o n  and d/R = 1.0  r e p r e s e n t s  the  c i r c u l a r  c ros s  s e c t i o n ,  
For the  long i tud ina l  modes, t he  frequencies  f o r  d / ~  = 0 and d / ~  = 1 . 0  
shouid ,e the  same; t h e r e f o r e ,  t he  va lues  f o r  d/R = 1.0 were r e p l o t t e d  
a s  the s o l i d  symbols a t  d/R = 0. The maximum v a r i a t i o n  of frequency 
For t h i s  range of shapes was 4.5 percent  a t  a = 45'. A t  a = 0° ,  the  
ir ~ q u e n s y  decreased about 2.6 percent  due t o  c ros s - sec t ion  change. The 
Irt-quciLoies a t  60' t i l t  were l e s s  than  those a t  0' by about 48 percent  
sl- 01 I S / K I ~ J ~  the shape range . 
B. L a t e r a l  O s c i l l a t i o n s  
Exc i t a t i on  of t he  lowest l a t e r a l  mode was d i f f i c u l t .  The mode 
sh?pe c5anged i n  some in s t ances  w i th  changes i n  t i l t  angle ,  l i q u i d  
daoth, o r  during decay o f  an o s c i l l a t i o n .  The l a t e r a l  modes had 
genera l ly  higher  f requencies  than the  long i tud ina l  modes. The i n s t a -  
bility o f  modes and the  higher  f requencies  decreased the  accuracy o f  
t he  Erequency measurements. Several  measurements were made a t  each 
test corid3-tion, and the  average dev ia t ion  from t h e  mean was .5 percent  
f o r  t 9 e  l ong i tud ina l  modes and 2.1 percent  f o r  t h e  l a t e r a l  modes. 
Xigure 6 shows the  v a r i a t i o n  of l a t e r a l  mode frequency wi th  l i q u i d  
derjth. The d a t a  f o r  f i g u r e  6a were taken from reference  3 except  f o r  
t h e  v a l ~ t e s  a t  W = 5O, 8', and l o 0 .  The change i n  tilt angle i s  seen 
to have much l e s s  e f f e c t  f o r  the  l a t e r a l  modes than f o r  the  long i tud i -  
nal, For the shapes o t h e r  than  c i r c u l a r ,  f i g u r e s  6b - 6e, t he  f r e -  
quency d i d  not c o n s i s t e n t l y  decrease wi th  inc reas ing  t i l t  angle o r  
decreasing depth. Two d i s t i n c t  f requencies  were found a t  h / ~  = 1.75 
i n  f i g u r e  6c f o r  cx = 45'- Also a t  h / ~  = 1.75, t he  frequency fo r  CY = 60° 
v a s  h ighe r  than  t h a t  f o r  one of t he  f requencies  f o r  Q = 45O. Only one 
Frequency was found a t  each t e s t  condi t ion  f o r  Shapes 3 and 4 ,  f i g u r e s  
Gd and 6e, r e s p e c t i v e l y ,  bu t  i t  i s  no t  c l e a r  whether t he  f requencies  
r ep re sen t  t h e  f i r s t  o r  some higher  l a t e r a l  mode. 
Figure 7 i s  a  c ros s  p l o t  o f  d a t a  from f i g u r e  6 showing the  v a r i a -  
tion of  frequency wi th  c ros s - sec t ion  shape and t i l t  angle a t  one 
l i q ~ ~ i d  level, The change i n  c ros s  s e c t i o n  i s  seen t o  have a  l a r g e r  
2fLect  on frequency than  change i n  t i l t  angle.  The oppos i te  was t r u e  
!for the long i tud ina l  s l o s h  ( f i g u r e  5 ) .  
The l a t e r a l  o s c i l l a t i o n  f requencies  a t  0 = O 0  a r e  shown f o r  the  
various cross s e c t i o n s  i n  f i g u r e  8  a s  a  func t ion  of l i q u i d  depth. A 
cI?e3ret lcal  va lue  of Erequency parameter from re fe rence  5  f o r  a  shape 
~ i c  i a / %  =. -71 i s  compared with experiment f o r  Shape 1, d / ~  = .678, 
and seen t o  be s l i g h t l y  higher .  Figure 9 shows t h e  d a t a  taken f o r  
~ r i e n t a t  ion 2 ,  
C. Comparison With Theory 
A summary of  t h e o r e t i c a l  r e s u l t s  f o r  l ong i tud ina l  frequency of 
l i q u i d  o s c i l l a t i o n  i n  a  t i l t e d  cy l inde r  w i th  c i r c u l a r  c ros s  section 
i s  presented i n  f i g u r e  10 and compared w i t h  zxperimental da t a .  The 
t h e o r e t i c a l  va lues  a r e  seen  t o  be gene ra l ly  lower than  experiment with 
good agreement a t  small  t i l t  angles .  The maximum dev ia t ion  o f  cheo- 
r e t i c a l  frequency from experiment was about 13 percent .  
CONCLUSIONS 
Frequencies o f  l i q u i d  o s c i l l a t i o n s  i n  c y l i n d r i c a l  tanks were 
measured fo r  a  range of c ros s - sec t ion  shapes and t i l t  ang le s ,  for two 
e x c i t a t i o n  d i r e c t i o n s ,  and two t i l t  d i r e c t i o n s .  The ma jo r i t y  of d a t a  
were f o r  one t i l t  d i r e c t i o n ,  a  t i l t  such t h a t  the  f l a t  wa l l  of the  
tank l a y  i n  the plane of  the t i l t  angles .  The conclusions presented 
below a r e  f o r  t h i s  t i l t  d i r e c t i o n .  
With the e x c i t a t i o n  fo rce  i n  t he  plane of  t he  t i l t  angle ,  the  
frequency o f  l i q u i d  o s c i l l a t i o n  reached a  minimum value  about 4.5 gercent  
lower than  t h a t  f o r  the c i r c u l a r  c ros s - sec t ion  tank a s  the c r a s s - s ~ c : i o n  
shape was va r i ed  from c i r c u l a r  t o  near semi-c i rcu lar .  The c i r c u l a r  and 
semi-c i rcu lar  tanks had about t he  same l i q u i d  frequency. The tilt angle 
had more e f f e c t  than  c ros s - sec t ion  shape f o r  t h i s  e x c i t a t i o n  d i r e c i i a n ,  
wi th  t he  frequency a t  60' t i l t  a s  much a s  48 percent  l e s s  than a t  OC, 
E x c i t a t i o n  perpendicular  t o  the t i l t  angle plane gave f requencjes  
which increased  sharp ly  wi th  change i n  c ros s - sec t ion  shape f r c n  e i r -  
c u l a r  t o  near s emi -c i r cu l a r .  For t h i s  e x c i t a t i o n  d i r e c t i o n ,  the change 
i n  tank shape caused the  l a r g e r  e f f e c t s  on frequency, and the clecrease 
i n  frequency wi th  inc reas ing  t i l t  was r e l a t i v e l y  smal l ,  Abrupt c h d n ~ e s  
i n  frequency wi th  changes i n  l i q u i d  depth,  tank shape, and t i l t  angle  
were observed f o r  e x c i t a t i o n  force  perpendicular  t o  the t i 1  t angle  
p lane ,  i n d i c a t i n g  t h a t  higher  modes than the  f i r s t  were being e x c i t e d ,  
The d a t a  were compared wi th  a v a i l a b l e  t h e o r e t i c a l  r e s u l t s ,  The 
t h e o r e t i c a l  va lues  devia ted  from experiment by 0  percent  to  13 percent  
wi th  the  b e t t e r  agreement gene ra l ly  occurr ing  a t  low t i l t  angles  il 
the  c i r c u l a r  c ros s - sec t ion  tank. 
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